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1. Introduction 

Recursion operators provide an important tool for the study of nonlinear partial diffe- 
rential equations pdes. They are linear operators acting on a symmetries of a pde and 
generating infinite hierarchies of new (nonlocal) symmetries. The presence of infinite 
series of symmetries allows one to apply different techniques to study a given pde, see 
[53| [TTl |2T| |38| |2] and references therein. Typically, recursion operators are considered 
as integro-differential operators, |3ZIII21I5SIIIDIISIIII1HZIIIII3EIIISII1S10SII55], although 
this interpretation is accompanied by a number of difficulties, e.g., discussed in [Til 123] . 
Another definition is proposed in [10 1 [T^ l [T9l 120] (see also [H] and references therein) and 
developed in [27J HHJ [321 [281 [211 EU [30] . It treats recursion operators as the Backlund 
autotransformations of the tangent (or linearized) coverings of the pdes. In [33], M. 
Marvan and A. Sergyeyev proposed the method for constructing recursion operators of 
pdes of any dimension from their linear coverings of a special form. By this method they 
found recursion operators for a number of pdes of physical and geometrical significance. 

In the present paper we adapt the technique of [36J for the problem of finding 
recursion operators of pdes. This technique is based on Elie Cartan's structure theory 
of Lie pseudo-groups, [H U\ E21 [51], and allows one to find coverings and Backlund 
transformations for nonlinear PDEs by means of contact integrable extensions of their 
symmetry pseudo-groups. We consider the universal hierarchy equation [151 [251 EE] 

Uyy = Uy Ufa ~ U X Ufy ■ ( 1 ) 

In accordance with [22l §5] we identify the tangent covering for ([I]) with the system of 
PDEs constituted by (Cp) and the defining equation for its symmetries 

Vyy = Uy Ufa + Vy Ufa — U x v ty ~ v x u ty (2) 

The standard procedures of Elie Cartan's method of equivalence give Maurer-Cartan 
forms and the structure equations of the pseudo-group of contact symmetries for system 
(PQ), (J2|). Then we find a contact integrable extension for these structure equations. The 
corresponding contact form provides the Backlund auto-transformation for Eq. (EJ). 
This transformation defines a recursion operator for symmetries of Eq. ([1]) and its 
inverse operator. 

2. Preliminaries 

2.1. Coverings of PDEs 

Let n:R n x « m M n , vr: (x\ . . . , x n , u 1 , . . . , u m ) ^ (x 1 , . . . , x n ), be a trivial bundle, 
and J°°(tt) be the bundle of its jets of the infinite order. The local coordinates on 
J°°(7r) are (x l ,u a ,uf), where / = (z'i,...,z n ) is a multi-index, and for every local 
section /: IR n — > W L x W m of n the corresponding infinite jet joo(f) is a section 

Q#I fa Qil+—+in fa 

**,(/): R" ^ch that uJ{Uf)) = = {dxlYl ^/ dxn y n - We put 
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u = u 



(o,..,o)- 



Also, in the case of n = 3, m = 1 we denote x 1 = t, x 2 = x, x 3 = y, and 
u \ijk) = U t...tx...xy... y with i times t, j times x, and k times y. 
The vector fields 

d m d 

Dxk = dx^ + ^ ke{l,...,n}, 

#I>0 a=l 1 

(ii, . . . , ifc, . . . , i n ) + lfe = (ii, . . . , ifc + 1, . . . ,i n ), are called total derivatives. They 
commute everywhere on J°°(7r): [Z^i, D x j] = 0. 

The evolutionary differentiation associated to an arbitrary vector-valued smooth 
function ip: J°°(7i) — > R m is the vector field 

m 

E *>=EI>M^ ( 3 ) 

#/>0q=1 1 
With //;.....,-., D%o...oD%. 

A system of pdes F r (x\ uf) = 0, j^l < s, r G {1, . . . , R}, of the order s > 1 with 
R > 1 defines the submanifold £ = {(V,^) G J°°(7r) | D K {F r {x\uJ)) = 0, #A' > 0} 
in J°°(7r). 

A function J°°{tt) — > M m is called a (generator of an infinitesimal) symmetry of 
£ when E ¥ ,(F) = on £. The symmetry ip is a solution to the defining system 

= 0, (4) 

where £g = with the matrix differential operator 

\#/>o 7 

Denote W = M°° with coordinates w s , s G N U {0}. Locally, an (infinite-dimensio- 
nal) differential covering of £ is a trivial bundle r: J°°(7r) x W — > J°°(7r) equipped with 
the extended total derivatives 



oo 



A, fc = D xk + Y, T s k {x\ «?, (5) 

such that [D^i,!?^] = for all i ^ j whenever (x l ,uf) G £. We define the partial 
derivatives of w s by w s xk = D x k(w s ). This yields the system of covering equations 

w s xk = T s k {x\u^w>). (6) 

This over-determined system of pdes is compatible whenever (x' l ,uf) G £. 

Denote by the result of substitution D x k for D x k in ([3]). A shadow of nonlocal 
symmetry of £ corresponding to the covering r with the extended total derivatives ([5]), 
or r-shadow, is a function ip G C°°(£ x W) such that 

^(F) = (7) 
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is a consequence of equations Dk{F) = and (j^D- A nonlocal symmetry of £ correspon- 
ding to the covering r (or r- symmetry) is the vector field 

E^ = E„ + 5> S — , (8) 

s=0 

with A s G C°°(£ x W) such that y? satisfies to © and 

= E^4(T*) (9) 
for T fc s from ©, see [21 Ch. 6, §3.2]. 

REMARK 1. In general, not every r-shadow corresponds to a r-symmetry, since Eqns. 
fl9]) provide an obstruction for existence of ([8]). But for any r-shadow ip there exists a 
covering t v and a nonlocal -/^-symmetry whose r^-shadow coincides with ip, see (2j Ch. 
6, §5.8]. 

A recursion operator TZ for £ is a M-linear map such that for each (local or nonlocal) 
symmetry ip of £ the function TZ(tp) is a (local or nonlocal) symmetry of p> of £. 

The tangent covering for pde £ is defined as follows, [22]. Consider the trivial 
bundle a: J°°(7r) x V — > J°°(n) with coordinates vf, > 0, on the fiber V equipped 
with the extended total derivatives 

d 



D xk = D xk + J212 v ?+h dv * 

#/>0a=l 1 




o D l x n n define 



and put 

7(£) = {(x»?) G J°°(7r) x V I Z^(F(x\<)) = 0, D K (l F (v a )) = 0, #K > 0}. 

The tangent covering is the restriction of cr to T(£). A section ip: £ — >■ T(£) of the 
tangent covering is a symmetry of £. The extended total derivatives of this covering are 
D x k = D x k\<y(z). 

EXAMPLE 1. We write Eq. ([T]) in the form u yy — u y u tx + u x u ty = 0. Then we have 
£ F (<p) = Dy(<p) - u y D t D x (ip) - u tx D y (<p) + u x D t D y ((p) + u ty D x (<p) 

and 

£ F (v) = V( ,0,2) - UyV(l,l,0) - U tx V (0,0,1) + ^(1,0,1) + *%^(0,1,0)- 
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The fiber of the tangent covering has local coordinates vujm and Vujn. The extended 
total derivatives of the tangent covering are 



1 = 7/ ^^^ ; • l •'• ll: ^• r: '• l •'• l ^l 
A „ A™/ a a \ 



i=0 j=0 
oo oo ^ 



oo oo 



+ ^ } y D t D l( U y V (l,l,0) + u txV(Qfi,l) - ^(1,0,1) - U t yV( 0>1>0 ) 



remark 2. Abusing the notation, we write v t ...t x ...xy...y with % times t, j times x, k times 
y instead of v^j^) i n what follows. Also, we identify the tangent covering with the 
coverings equations £f(v) = 0, i.e., with Eqs. (0Q), (J2]) 



2.2. Cartan's structure theory of Lie pseudo-groups 

Let M be a manifold of dimension n. A local diffeomorphism on M is a diffeomorphism 
$: II — > XL of two open subsets of M. A pseudo-group on M is a collection of local 
diffeomorphisms of M, which is closed under composition when defined, contains an 
identity and is closed under inverse. A Lie pseudo-group is a pseudo-group whose 
diffeomorphisms are local analytic solutions of an involutive system of partial differential 
equations called defining system. 

Elie Cartan's approach to Lie pseudo-groups is based on a possibility to characterize 
transformations from a pseudo-group in terms of a set of invariant differential 1-forms 
called Maurer-Cartan (mc) forms. In a general case, MC forms uj 1 , ... , u m of an 
infinite-dimensional Lie pseudo-group (5 are defined on a direct product M x M x G, 
where M is the coordinate space of parameters of prolongation, [39| Ch. 12], G is a 
finite-dimensional Lie group, and m = dim M + dim M. The forms u l are independent 
and include differentials of coordinates on M x M only, while their coefficients depend 
also on coordinates of G. These forms characterize the pseudo-group & in the following 
sense: a local diffeomorphism $: U — > U on M belongs to (J5 whenever there exists a 
local diffeomorphism $:W-^WonMxMxG such that poty = $op for the projection 
p: M x M x G — > M and the forms are invariant w.r.t. that is, 

#*(u%)=u>%. (10) 

Expressions for the exterior differentials of the forms uf in terms of themselves give 
Cartan's structure equations of &: 

dJ = 4, 7T 7 A u; J + BJ^ A uA £* fe = — -Bjy. (11) 

The forms 7r 7 , 7 G {1, dim G}, are linear combinations of MC forms of the Lie group 
G and the forms u;\ The coefficients At; and B\ h are either constants or functions 
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of a set of invariants U K : M — > R, k 6 {1, ...,/}, / < dim M, of the pseudo-group (5, 
so <3>* = ^ K |u f° r every $ G (5. In the latter case, the differentials of £/ K are 

invariant 1-forms, so they are linear combinations of the forms , 

dU K = C*u j , (12) 

where the coefficients depend on the invariants U 1 , U l only. 
Eqs. (11 ip must be compatible in the following sense: we have 

d(dJ) = = d (A^ vr 7 A J + Bj. fc uj j A , (13) 

therefore there must exist expressions 

d^ = W% x X A uj 1 + Xj e tt p A 7r e + F 7 . tt" A uj 3 + Z 7 fc w j A u k (14) 

with some additional 1-forms x X such that the right-hand side of (fTBl is identically equal 
to zero after substituting for ( JTT1) . (Tl2l) . and (Till . Also, from ( fl2l) it follows that the 
right-hand side of the equation 

d(dU K ) = = d(C*u 3 ) (15) 

must be identically equal to zero after substituting for ffTTj) and (|T2|) . 

The forms 7r 7 are not invariant w.r.t. the pseudo-group &. Respectively, the 
structure equations ( TTTl) are not changing when replacing 7r 7 H- 7t 7 + zj for certain 
parametric coefficients zj. The dimension of the linear space of these coefficients 
satisfies the following inequality 

n-1 

r^ < n dim G — ^~"](n — A;) Sk, (16) 
fc=i 

where the reduced characters Sk are defined by the formulas 
Si = max rank Ai(ui), 



k-l 



max rank Afc(«i, Mfc) — > s,-, k G {1, n — 1}, 

7/, clljn ^— — ' 



,«fcG 

n-1 



J'=l 



s n = dim G — 
with the matrices inductively defined by 

A!(«i) = (4,ui) , A,^, ...,«,) = f ^-i(«i.-.«'-0 ) , / G {2, ...n-1}, 

see [U §5], [391 Def. 11.4] for the full discussion. The system of forms u k is involutive 
when both sides of (EEHJ) are equal, [41 §6], [39] Def. 11.7]. 

Cartan's fundamental theorems, [1 §§16, 22-24], [7], [521 §§16, 19, 20, 25,26], [SB 
§§14.1-14.3], state that for a Lie pseudo-group there exists a set of MC forms whose 
structure equations satisfy the compatibility and involutivity conditions; conversely, if 
Eqs. (ITT]) . (fl2"P meet the compatibility conditions fTT3j) . (fl~5l) and the involutivity con- 
dition, then there exists a collection of 1-forms u 1 , ... , u m and functions U 1 , ... , U 
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which satisfy (II ip and (1121) . Eqs. fllOp then define local diffeomorphisms from a Lie 
pseudo-group. 

3. Symmetry pseudo-group of the tangent covering of the universal 
hierarchy equation 

Using the procedures of Elie Cartan's method of equivalence, jH El [71 [521 [131 (HI 
1391 El [3H [35], we find the Maurer-Cartan forms and their structure equations for the 
symmetry pseudo-group of system (TjQ), (T2]). The full set of involutive structure equations 
for this pseudo-group consists of two parts: 

d9 =e A (0 3 - e - u 2 e - u x e - e 12 ) + e a q x + e a 2 + e a e 3 , 

de y = Vl A6 l+ e A (o l3 +(u l + i)e+ e) + e 1 a e n + e a e l2 + e a 9 13 , 

d6 2 = 6 2 Ar h + e^ (di2 ~ On) + £ 2 A 9 22 + £ 3 A (0 23 - 2 ), 
^3 ^e'A^a + e'A^a + ^A^, 

^ =(0i2-r/i-^ + f/ 2 e 2 + f/ie 3 )Ae 1 , 

= (vi + + e 1 + (^i + 1) e 3 ) a e 2 , 
^3 = ^ + e i } A ^ + ( i2 + ^ + ^ ^ A ^ 

= Vi A (e 2 + 2 On) +12 A (0 O + £ 3 ) + % A ^ + 9 A (9 13 + 2 (7 X + 1)£ 2 + 2 £ 3 ) 
+ 0i A (0 13 + (Ui + 1) e + £ 3 ) + 03 A (£ 2 + n ) + £ 2 A (2 12 + 13 - 7 2 n ) 
+ £ 3 A(0 13 -£/i0n) + 0n A0 12 , 

d9 l2 = V i^e + (vs +9 2 -u 2 13 ) a e + Vi a e + (0 3 - 12 ) a (e - (u x + 1) a , 
^13 = + 3 ) a (e + 13 ) + % a e 1 + % a e 2 + e 3 a (2 12 - u x 9 13 ) - e 12 a o l3 , 

d9 22 = (v* + U 2 9 3 - U 2 0i 2 + 22 + 2 23 ) A f 1 + 777 A £ 2 - (2^ + 12 ) A0 22 

+ (?76 + (Ui + 2) 022 - U 2 23 ) A e 3 + 02 A (7 2 e 3 - e - 23 ), 
rf0 23 = (Vs + 012 - U 2 13 + 23 ) A e + 77 6 A e 2 + (V4 - U 2 9 12 + (Ux + 1) 23 ) A e 

- (?7l + 012) A 23 - 02 A 012, 

drji = 0, 

^2 = % A e + 2 V2 A (0 12 - 771 - 3 + 7 2 £ 2 + 7x e 3 ) + e 3 A (7 a 13 - 4 12 ) 

+ 012 a 13 - (773 - 2 (77! + ui - u 2 ) e - 2 + 1) 12 ) a e 

-(7/i + 3 ) A(0 13 + 2(^ + l)e 2 + 3a, 
df] 3 = 771 A (0 2 - (2 77! + 1) e - U 2 £ 3 ) - % A (2 (77i + 1)£ 2 + 2 £ 3 + 0i 3 ) + 013 A 23 
+ V3 A (2 9 12 ~ 03 + U 2 e + (2Ux + 1)£ 3 ) - 03 A ((2 7! + 1) f 1 + 7 2 £ 3 ) 
+ 7 2 772 A e 1 + 02 A (2 12 - 3 - (3 7x + 2 7 2 - 2 7 2 + 1) £ 2 - 7 X 9 X3 ) 

- e 1 A ((3 7i + 2 7 2 - 3 7 2 + 1) e 2 + 2 (Ux + 7 2 - 7 2 ) £ 3 + 2 E/i 12 + 7i 13 ) 
+ e 2 A ((7i + 1) 23 - 7 2 (3 Ux + 2 7 2 - 2 7 2 + 1)£ 3 - 22 ) 

+ ^ A (023 "2 72 0X2 + 72 7x0x3), 

rfr7 4 = 773 A (0 2 + e 1 - 7 2 £ 3 ) + (774 + 7 2 A 771 + 774 A (0 12 - 7 2 £ 2 ) - 77e A £ 2 
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+ 2 A ((ft + l)9 3 + e- U 2 e - (3 ft + 2 ft 2 - ft + 1) e 3 - (E/i + 1) 0i 2 ) 
+ 02 A 13 + 3 A (ft (ft + 1) e 3 - (C^i + U 2 + 1) e 1 ) - e A (ft 2 C 3 + ft 6 22 ) 
+ e 1 A (2 ft ft £ 2 - (3 ft + 2 ft 2 - 3 ft + 1) e 3 - (C/i + f/ 2 + 1) 0i2 + U 2 13 ) 
+ f 1 A 23 + U 2 e A ((C/i + 1) 12 - ft 13 ), 
dm = m A (3t? 5 - 3£ 2 - 0n) - 2r/ 2 A (0 O + X + £ 2 + £ 3 ) + 2% A (0 12 - 3 + ft£ 2 ) 
+ 2f/ 1 r /5 Ae 3 + ? ?8 A(0 o + a + %Ae 1 -0oA(0 1 3 + 4(f/ 1 + l)e 2 + 4a 

+ e 3 a (c/x n - 13 ) - 0i a (0 13 + 3 {u x + 1) e 2 + 3 e) - o 3 a (0 n + 3 a 

+ £ 2 A(£/ 2 0ii-4 1 2-0 1 3)-0iiA0 1 2, 
d V6 = V6 A (2 771 + 2 e 1 + (2 Z7i + 1) e 3 + 2 0i 2 ) + 774 A (2 2 - 2 ft £ a - 3 U 2 £ 3 - 23 ) 
+ 2 A (ft 0i2 - (3 ft + 2 ft 2 - 2 U 2 + 1) - U 2 £ 3 - (ft + 1) 23 ) + 7710 A £ 2 
+ e 1 A (2 ft 012 - U 2 (ft + 2 ft 2 - 2 ft + 1) £ 3 - ft 2 0i3 - 022 + U 2 23 ) 

+ £ 3 A (ft (ft + 1) 023 " ft' 012 " U X 22 ) " 012 A 022 " ft V3 A f 1 , 

= A (3 77! + 2 f 1 + (3 + 2 ft) £ 3 + 2 12 ) - ry 4 A (0 22 + 3 ft ^) + ??io A £ 3 

+ % A (2 2 + 2 f 1 - 2 ft ^) + 02 A (ft ^ - U\ e - (ft + 2 ) 022 + ft 23 ) 

+ 77n A^ + e 1 A (ft 2 (0 3 -e 3 - 0i 2 ) -(2ft -ft + 3) 022 + 4 ft 23 ) 

+ 022 A 023 + ft ^ A ((ft + 3 ) 022 - ft 023), (17) 

and 

du =u A (oo 3 - 0i2 + V 1 £ 1 + V 2 £ 2 + V 3 £ 3 ) + t 1 A ui + £ 2 A u 2 + £ 3 A w 3 , 
dwi = wo A 0i3 + wi A (w 3 - 771 - 3 ) + 7712 A C 1 + 7713 A £ 2 + 7714 A £ 3 , 
c/w 2 = oj 2 A (7/1 + + 1) f 1 + w 3 ) + w 3 A (0 2 + e 1 ) + 7715 A e 2 + me A e 3 
+ (7713 - (Ux + 1) w - (ft + V 2 ) cox) A £\ 

^ 3 = u> 3 a {{Vx + 1) e 1 + + v 2 ) e + (ft + v 3 ) e) - u a (e 1 + (ft + 1) a 
- Wl a ((ft + v 3 ) e + (ft + v 2 ) e) + 7714 a e + ( me - (ft + y 3 + 1) ^ a e 2 

+ (7/13 + (Vi + 1) 02 - (ft + V 3 ) 3 - 012 - V 4 0i 3 ) A e 3 , 

d77i2 = 7717 A + (Vi + 1) (wi A CJ3 + 7713 A £ 2 + 7/14 A £ 3 ) + e 3 A (772 - (Vi + 2) 13 ) 
+ wi A (7/14 + e 2 + Vi e 3 ) + wo A ( Wl - 2 (ft + 1) e - 2£ 3 + ^ 0i3 + 772) 
+ 7712 A (co 3 - 2 77! " 2 3 + (2 ft + V2) £ 2 + (^3 + 2 ft) e 3 + 0i 2 ) 
+ e A ((2 y 4 + t/i (Vi + 2) + Vx - V 3 + 3) £ 3 - V 4 772 - (ft + V 3 - V4) 0i 3 ), 

dT/ig = u A (7/3 - 2 (ft + 1) (e 1 + 2 ft e 2 ) - 2 ft e 3 + ^2 0i 3 ) + 0Jx A (7716 + 23 + ^) 
+ wft ((ft + V 2 ) u 3 - (Ux + V 3 + l)uo 2 - (V 4 (Ux + 1) - 2 (ft + V 2 )) ^) 
+ 2 7716 A e 2 - co 2 A (0i3 + 2 (2 ft + r 3 + 2) e 2 + £ 3 ) - o; 3 A (7/13 - (ft + 2) £ 3 ) 
+ 7713 A (0i2 - 3 + (Vx + 2) £ 1 + (3ft + 2F 2 K 2 + (2ft + V3 + IK 3 ) 

+ 7714 a (0 2 + e + (ft + V2) e 3 ) + 02 a ((ft + v 3 - 2) e 2 - ^1 e 3 ) 

+ 03 A (2 (ft + V 2 ) + ^) + £ 3 A (2 012 - (ft + V 2 ) 013 - (Vx + 1) 23 ) 
+ (V4 7/2 + (ft + V 3 - V 4 ) 01 3 ) A e + e 2 A ((Vi + 1) 022 + 2 (ft + V 2 ) 0l 2 ) 
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+ e 1 A {{U 2 + V 2 ) V12 + (2 V 4 (Z7i + 1) + 3 Ux + U 2 {Vx - 1) - 2 y 2 + V 3 + 2) £ 2 ) 

+ (2y 4 + y 1 (f/ 1 -i)-F 3 - 2) e 1 a e 3 + e a (v 5 i3 - (u, + v 3 + 2) 9 23 ) 

+ {V 5 + {Ux (2 f/ 2 + 3 V 2 + 2 Vk) - f/ 2 (V 3 + 4) - 2 F 2 + 2 V A ) £ 2 A £ 3 , 
^ 14 = u A(7 ll + 6 3 -2e-2U 2 e- (2E/i + 1) e 3 - 2 i2 + (L/i + V 3 ) 0i 3 ) 

+ Wl A {{Vx + 1)9 2 - {Ux + V 3 ) 3 - {V A {Ux + 1)-2{U 2 + V 2 )) e - (V A - 1) e 3 ) 
+ u 1 A (77 13 - {Ux + l)cu + {Ux + V 3 )u 3 - V 4 9 13 + Vx^ 1 ) ~ {Vx + 1) £ 2 A 23 

- (r? 2 - + ^ 3 ) 7712) a e 1 - (w 2 - (i/i + v 3 ) Vl3 + k e 2 ) a e 2 + m a (^4 - e 3 ) 

+ Vu A (0 12 - # 3 + (K + 2) ^ + (2f/ 2 + y 2 )e 2 + (3^ + 2^ + 1) e 3 ) 

- e 1 A ((V! + 2) 6 13 + (2 (C/i + Vx) + 5) e 2 ) - e A (2 12 + (Ux + V 3 + 1) 9 13 ) 
+ e A (2 12 + (f/x (f/x + Vg + 5) - U 2 {Vx - 1) + 2 Vg + 3) £ 3 - (U 2 + V 2 ) 13 ) 

- w 3 a ( m4 + (2 + ^)^ + ^ + m + ^ a (e 2 - a , 

dm.5 = (U 2 + V 2 ) (7713 + 2 3 - + 1) ^0 - (t/2 + Vz) + wi) A e + r/6 A (V 4 e 2 - £ 3 ) 

+ uj 2 a (77x6 + (y 2 + u 2 ) uj 3 - {u x + v 3 + i)e 2 - (y 4 (c/i + 1) - y 2 ) £ 3 ) 

+ {{Vx + 1) (C7 2 + 7 2 ) - 3 (C/x + y 3 ) — 2) u; 2 A — 777 A £ 2 

-w 3 A (77x5 + 22 - (U 2 + y 2 ) 2 - V 2 e) + r?x 6 A (2 2 + 4 e 1 + (U 2 + V 2 ) £ 3 ) 

+ 77 15 A(2 7 /l + 12 + (l/ 1 + 2) £ 1 + (3U 2 + 2V 2 )£ 2 + {2U 1 + V 3 + 2)?) 

+ 6 2 A((U 1 + V 3 -2) e 1 + (2f/2^4 + 3y 5 )e 2 + (2^4(f/i + l)-5(f/2 + ^))e 3 ) 

+ e 1 A (2 (Z7 2 + V 2 ) 0x2 + y 5 013 - + 1) #22 - (*7i + ^ 3 + 2) 23 ) 

- (2u, (u 2 v 4 + v b ) - u 2 (7u 2 -5V2-V4)- v 5 )e^e 

+ {Ui {7U 2 + 5V 2 + 4V 4 )-2U 2 -4 (V 2 - V±) + V 6 ) ^ A £ 3 
+ A ((3 V 5 + 2U 2 V 4 ) (#23 + ^2 e 3 ) - (4 ^2 + 3 V 2 + V 4 ) 22 ) 

- e A ((C7k + V 3 ) 022 + (4 C7 2 + 3 V 2 ) 23 ), 

^16 = {{U x + 1) w + (Z7 2 + F 2 ) wi) A {w 2 - 2 - (C/i + V 3 + 2) e 1 ) - Vi A me + #2 A 12 
+ u 2 A ((^ + 1) 2 - (f/i + V^) 3 + ((C/i + V3) (Vi + 1) + Vi) e 1 - #12 - V 4 13 ) 
+ o; 2 A(7 /l3 + (?7 1 + V 3 )a; 3 -(y4(^i + l)-^)e 2 -(5f/i + 3y 3 + y4 + 3)e 3 ) 

- a; 3 A (?^ 6 - {U x + V 3 + 1)6 2 - {V 3 -1)? + 6 23 ) + n l3 A (0 2 + {Ux + V 3 + 2) ^) 

- e A ((C/i + V 3 + 1) 77x5 - {V 5 {Ux + 1) + U 2 (2 V 4 {Ux + 1)-3{U 2 + V 2 ))) ^ 3 ) 
+ e A (776 - (C/i + V 3 ) 022 - (4C/ 2 + 3F 2 ) 23 ) + e 1 A (30 12 + {Ux + V 3 -1)9 3 ) 
+ e A (774 + Va V3 ~ V, {Ux + 1) 3 + V 2 12 - t/ 2 y 4 0x3 - 2 (Z7x + V 3 + 1) 23 ) 
+ ^i6A((V 1 + 2)e 1 + (2/72 + V 2 )e 2 + (3f/i + 2y 3 + 4) £ 3 + 12 ) 

+ 2 A((f/ 1 + \/ 3 )0 3 + e 1 + (2y4(f/i + l)-5(t/2 + ^))e 2 + (2f/i + ^)e 3 ) 
+ e A ((^ (2 (y 2 + V 4 ) + 5 t/ 2 ) + ?7 2 (y 3 + 2) - 2 (y 2 + F 4 )) e - {Vx + 1) 23 ) 

+ e 1 a (f/i ([/i + y 3 + 2F 4 + 8)-2 (y 2 + v 4 ) + 3V 3 + 5) e 3 

+ (^4 9 2 - {U 2 + V 2 - V 4 ) e) A 0i3. (18) 
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Eqns. (117)1 are the involutive structure equations for the symmetry pseudo-group of Eq. 
([I]). The invariants Ux, U 2 , Vx, V 2 , V 4 in f flTj) . f|T8|) have the follownig expressions 



while the formulas for V 3 and V5 are too big to write them in full here. The differentials 
of the invariants satisfy the equations 



dUt = [/ 2 ^ 1 3-773-^ + (f/i + l)^i-e 1 -(2/7 1 2 + 3[/ 1 -2/7 2 + l)e 3 -2([/ 1 + l)^ 12 , 

du 2 = - u x e 2 - (2 c/x + 1) e - e 23 - V a-u 2 ( Vl + e 12 + £ 3 ) , 

dV 1 = u + (Ux + K 3 ) Wl + (K + 1) (77! -u 3 + 6 3 - 12 ) - Vu ~ Biz ~ (V? + 3V 1 + 2)£ 

- (Ux + (2U 2 + V 3 ) (Vx + 1) + 2) e - (Vx + 1)(2 C/x + V 2 + 1) £ 3 , 
dy 2 = {jj x + V 3 + 1)uj 2 - V 2 77! - (?7 2 + V2) w 3 - me + r] 4 -V 3 6 2 - V 2 8 12 

- (2U 2 + V 3 -2 V 4 ) +2U 2 (V 2 + 1) + V 3 (V 2 + 2) - V 4 ) £ 2 

- ((Ux + V 2 ) (Vx + 2) + V x ) e - (V 2 (V 2 + 3 Ux + 1) + 2 (t/ 2 - t/i) - V 4 ) £ 3 , 
dy 3 = (Ux + l)u + V3 - 7713 + (*7 a + V 2 ) Wl - (C/i + V 3 ) u 3 -Vx9 2 + (V 3 - 1) 6 3 

+ (Ux -v 3 + 2) e 12 + (v 4 - u 2 ) e 13 - ((u 2 + v 3 ) (Vx + 2) + v 2 + 1) e 

- (Ux (2U 2 + 2V 3 - V 4 ) + U 2 (V 2 + 2) + V 3 (V 2 + 3) - V 4 ) £ 3 
-(U 2 + V 3 ) (2U 2 + V 3 )i\ 

dv 4 = e 2 -u 2 -v 4 ( Vl + u 3 ) - (v 4 (v 4 + i) + Ux + v 3 -i)e + (v 5 - v 4 (u 2 + v 2 )) e 
-(v 4 (Ux + v 3 + i) + u 2 + v 2 )e, 

dV 5 = T)x 5 + 622 - (U 2 + V 2 ) u 2 - V 4 9 23 - V 5 (co 3 + 2 rjx + 6 l2 ) + (V 4 + 2 (U 2 + V 2 )) 6 2 
+ (5U 2 + AV 2 -UxV 4 -V 5 (Vx + 2))e ~(U 2 V 4 + V 5 (2Ux + V 3 + 2))e 
-V 5 (2U 2 + V 2 )C 2 - 




+ |(2C/ 1 + 1)) 



Vy (U X Uy S 2t - Uy U tx S 2 ~ S^) ' 

U 2 y(V X -Vy)V t y ( ^ + l) ( Ux Vy ~ Uy V x ) S Q 




where 




In what follows we need explicit formulas only for the MC forms 



6*o = y — — Ux Uty (d u — u t dt — u x dx — u v dy), 
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01 = (du t - w tt (it - u te da; - w tJ/ dy) + ^ 2 O , 

Uy bl Ol 

02 = — ^ ( Ux d u y - u y du x — S 2 dt — (uy u xx - u x u xy )dx + (u y u x y + u x S 2 )dy) , 

Uy O2 

/, 1 ( JQ A 1 J + W y M te 5 2 + 5| 

012 = 7T «^2 + + MiyrfMa; dt - [u x U txy - U y U txx ) dx 

S 2 V 



MyWtxi/ + u x Si + u y u tx S 2 + S'i t \ S 2 

~r< 

Ol U t y 



H — 2 ay - o 02 



C 1 C^-J^-dx, £ 3 = (u^dx + %dy), 

-u y 5 2 M~ 61 "U* 

5*2 

ujq = (dv — v t dt — v x dx — v y dy), 

Uy Vy 

ui = 1- (dv t - v tt dt - v tx dx - v ty dy) 2 -^- u , 

Vy Ol Ol 

u 3 = — (dvy - v ty dt - v xy dx - (u y v tx - U x v t y + VyU tx - v x u ty ) dy). (19) 

Vy 

4. Contact integrable extensions 

For applying Elie Cartan's structure theory of Lie pseudo-groups to the problem of 
finding coverings of PDEs we use the notion of integrable extension. It was introduced in 
[5] for the case of PDEs with two independent variables and finite-dimensional coverings. 
The generalization of the definition to the case of infinite-dimensional coverings of PDEs 
with more than two independent variables was proposed in [36]. In contrast to [541 [3], 
the starting point of our definition is the set of Maurer-Cartan forms of the symmetry 
pseudo-group of a given pde, and all the constructions are carried out in terms of inva- 
riants of the pseudo-group. Therefore, the effectiveness of our method increases when 
it is applied to equations with large symmetry pseudo-groups. 

Let be a Lie pseudo-group on a manifold M. Let u 1 , ... , u m , m = dimM, be 
its Maurer-Cartan forms with the compatible and involutive structure equations ( fill . 
Q12p . Consider the system of exterior differential equations 

dC = D q pr /A( r + E% C A C + C A tt p + G q rj C A u j + E% ^ A ^ 

+ /> J AuA (20) 
dV e = J]oji + K*C, (21) 

for unknown 1-forms ( q , q G {1,...,Q}, p G {1,...,R}, and unknown functions V e , 
e G {l,...,^} with some Q,R,S G N. The coefficients K e q in equations (120]) . 

(ED) are supposed to be functions of U x and V K . 



definition 1. The system (j20l) . (|2T1) is called an integrable extension of the system 
(fTTj) . (Tl2l). if equations (ED}, (ED), PD, (EE2D together meet the involutivity conditions 
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and the compatibility conditions 

d(d( q ) = 0, d(dV € ) = 0. (22) 

Equations ( 1221) give an over-determined system of pdes for the coefficients D K pr , 
K q in equations (|20|) . (12T|) . Suppose this system is satisfied. Then we apply the third 
and the second inverse fundamental Lie's theorems in Cartan's form, [U §§16-24], [7], 
[521 §§16, 19, 20, 25, 26], [SH §§14.1-14.3]. The third inverse fundamental theorem 
ensures the existence of the forms Q q and the functions V e , the solutions to equations 
( 1201 . ( 1211) . In accordance with the second inverse fundamental theorem, the forms ( q , 
bj l are Maurer-Cartan forms for a Lie pseudo-group fj acting on M x M^. 

definition 2. The integrable extension (|20|) . (|2T|) is called trivial, if there exists a 
change of variables on the manifold of action of the pseudo-group S) such that in the 
new coordinates the coefficients F q ^, G q r p H^-, I q k and Jj are identically equal to zero, 
while the coefficients D q r , E q s and K q are independent of U x . Otherwise, the integrable 
extension is called nontrivial. 

Let 9f and be a set of Maurer-Cartan forms of a symmetry pseudo-group £ie(£) 
of a pde £ such that £ l are horizontal forms, that is, £ x A ... A £ n 7^ on each solution 
of £, while 0" are contact forms, that is, they are equal to on each solution. 

definition 3. Nontrivial integrable extension of the structure equations for the pseudo- 
group £ie(£) of the form 

du q = U q Au r + e AQ q , (23) 

q, r G {l,...,iV}, N > 1, is called a contact integrable extension, if the following 
conditions are satisfied: 

(i) Vl q G (9f, w[)iin for some additional 1-forms u\\ 

(ii) Vt q ^ (w[)iin for some q and j; 
(Hi) Q q G" {9f) lin for some q and j; 
(iv) W r G {Of, U r , Olia- 

(v) The coefficients of expansions of the forms Q q with respect to {Of, o>[} and the forms 
with respect ot {Of , o> r , w[} depend either on the invariants of the pseudo- 
group £ie(£) alone, or they depend also on a set of some additional functions W p , 
p G {1, . . . , A}, A > 1. In the latter case, there exist functions P£ p , Q p , B? q p and 
such that 

dW p = F% 6? + Q pq u q + W pq W J + S pj e , (24) 
and the set of equations (1241 satisfies the compatibility conditions 

d(dW p ) = d (P/ Q 9f + Q pq cu q + BJ pq u q + S pj f) = 0. (25) 

example 2. Eqns. (ITS]) are a CIE for Eqns. (117)) with the additional forms 7712, ... , 7717 
and the additional invariants Vi, ... , V5. 
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5. Backlund auto-transformation for the tangent covering of the universal 
hierarchy equation 

We apply Definition 3 to the structure equations f lT7|) . f lT8|) . We restrict our analysis to 
CIEs of the form 

4/3 7 16 3 \ 

k=0 \i=0 s=l s=12 j=l J 



fc=0 k=l \i=0 J 

3 

+ j2 MkujkAu * ( 26 ) 

k=0 

with one additional form o> 5 mentioned in the part (i) of Definition 3. In f !26p . * m eans 
summation for all i,j G N such that 1 < i < j < 3, ^ (3,3). These equations 

together with equations ffT7|) . ffTgj) satisfy the requirement of involutivity. We assume 
that the coefficients of ( )26|) depend on the invariants U\, U2, Vi, ... , V5. 

remark 3. We consider ([IS]), (EE]) together as a single CIE for §Ffl). This defines the 
form of the r.h.s. of (l26l). 



Definition 3 gives an over-determined system of pdes for the coefficients of ( 126]) . 
The analysis of this system gives a CIE. Then, since the MC forms included in Eqns. 
( TTTj) . f lT8|) are known explicitly, we use the third inverse fundamental Lie's theorem and 
find form by means of integration. We obtain 

theorem. The structure equations (11), n~8\) of the contact symmetry pseudo-group of 
the tangent covering of Eq. (QP have the CIE 

du 4 = (771 - u 3 + 0i2 -V 2 £ 2 - V 3 £ 3 ) A w 4 + w 5 A + u\ A 6» - uj A X 

+ (w 3 - u - (CTi + 7 3 ) O - ^4 0i) A e 2 + (w x + 0i - (Fi + 1) O ) A £ 3 . 
Eac/i solution of this equation is contact- equivalent to the form 

w 4 = ( UyUtx 2 — u * Uty ^ (dw -w t dt- (v y + u x v t - u tx v) dx - (u y v t - u ty v) dy) 

U y Vy b\ 

V [UyU tx - U X U t y) (UyV t ~ UfyV) (UyU tx ~ U X U t y) 2 

V\ 7; ■ — #o- 

^y ^y ^y ^1 



The form oo^ is equal to zero on solutions of ([I]) whenever w solves the system 

(27) 



w x = v y + u x v t - u tx v, 



Wy = UyV t - U t yV. 
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This system is compatible on solutions to (J2J). Thus it defines a Backhand transformation 
from (j2J) to a certain pde. To get this pde, we solve (1271) for v t and v y : 

v t = (w y + u ty v)u-\ ^ 
v y = ((uyU tx - u x u ty ) v + u y w x - u x w y ) Uy 1 . 

The compatibility condition of this system turns out to be a copy of fl2]) with w substitu- 
ted for v. Therefore, (1271) and (128j) define a Backlund auto-transformation for (j2J). Since 
solutions to (J2]) are identified with local symmetries or shadows of nonlocal symmetries 
for Eq. ([!]), we have 

COROLLARY. Equations 

D x (ip) = u x D t ((p) - u tx ip + D y ((p), 

define a recursion operator if> = TZ((p) for symmetries of the universal hierarchy equation 
The inverse recursion operator if = IZ^ 1 ^) is defined by equations 

AM = (A/C0) +u ty <p)Uy 1 , 

Dy{ip) = {{UyU tx ~ U X U t y) f^Uy Djtf) - U X Dy^j})) U^. 

6. Conclusion 

We have showed the possibility to find recursion operators for symmetries of nonlinear 
PDEs by means of Cartan's method of equivalence. While this approach is computati- 
onally involved, it does not require any preliminary information about linear coverings 
of the PDE under study. Its applicability to other PDEs is an interesting problem for the 
further research. 
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